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ABSTRACT: This study has examined polyampholytic hydrogel swelling transitions over a wide range
of bath salt concentrations. Copolymer 2-acrylamido-2-methyl-1-propanesulfonic acid (AMPS—H) and
[3-(methacryloylamino)propyl] trimethylammonium chloride (MAPTA—C1) hydrogels were prepared with
a total monomer concentration of 1.4 M near the charge balance point. Hydrogel equilibrium swelling
measurements were made in aqueous baths having sodium chloride concentrations ranging from 1 uM
to 1 M. The observed swelling transitions have been interpreted using a series of thermodynamic models
based on successively higher order Mayer ionic solution theory corrections. Collapse transitions at low
and intermediate bath salt concentrations observed experimentally were successfully predicted using
only a zero order Mayer, or Donnan model, approximation. First order Mayer corrections, equivalent to
the Debye—Hoiickel limiting law (DHLL), failed to produce physically meaningful results at the polymer
ion and bath salt concentrations of interest in this study. However, a second order Mayer correction,
equivalent to the Debye—Huickel limiting law + second virial coefficient (DHLL + B;), was in qualitative
agreement with our experimental results. Further improvements based on the straightforward extension
to higher order Mayer approximations are discussed.

Introduction

Polyampholytic hydrogels consist of positive, negative,
and even neutral monomeric species that are polymer-
ized and cross-linked into a three-dimensional network.
Most potential applications of polyampholytes concern
their porosity or swelling behavior when immersed in
high-concentration electrolyte baths.1=3 Unlike poly-
electrolytes, polyampholytes have the unique capacity
to swell and remain soluble at high ionic strengths. This
property has a number of important implications for
their technological use. In particular, a number of
potential medical applications require a quantitative
understanding of these materials at physiologic ion
strengths. Recent experimental studies have shown
that, depending on the magnitude of the net polymer
charge and bath ionic strength, the swelling properties
can be dominated by acid and base dissociation, elec-
trostatic repulsion, and electrostatic attraction.*>

Polyampholytes have been the subject of many theo-
retical studies since they provide a model for studying
the long-range interactions found in proteins and other
forms of soft condensed matter.5710 Most theoretical
treatments of polyampholyte swelling, however, have
been based on the Debye—Huckel limiting law (DHLL)
osmotic correction, which is only valid at low ion
concentrations.1112 The electrostatic interactions be-
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tween polymeric and mobile charges that determine the
hydrogel swelling equilibrium at high ionic strengths
are, therefore, still not very well understood.

The foundations for a quantitative description of
osmotic pressure, analogous to the virial expansion for
nonideal gases, were established in a landmark paper
by McMillan and Mayer.'* Mayer later extended the
McMillan—Mayer model to include the long-range Cou-
lombic and short-range hard core molecular interactions
characteristic of ionic solutions.’* The numerical solu-
tions to liquid state integral equations and their relation
to the Mayer ionic solution theory have also proved
invaluable in the study of ionic solutions at high
concentrations.’>~18 Few studies, however, have exam-
ined ionic contributions to polyampholyte swelling
beyond the DHLL in systems where a hydrogel phase
exists in equilibrium with a bath phase.

The objective of this study is to examine polyam-
pholytic hydrogel swelling transitions over a wide range
of bath salt concentrations. Copolymer 2-acrylamido-
2-methyl-1-propanesulfonic acid (AMPS—H) and
[3-(methacryloylamino)propyl]trimethylammonium chlo-
ride hydrogels prepared with a total monomer concen-
tration of 1.4 M near the charge balance point are
investigated. Hydrogel swelling equilibrium measure-
ments are made in aqueous baths having sodium
chloride concentrations ranging from 1 uM to 1 M.
These swelling measurements are then interpreted
using a series of thermodynamic models based on
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successively higher order Mayer ionic solution theory
corrections. The necessary level of approximation re-
quired to predict the various swelling transitions is
discussed.

Experimental Section

Copolymer hydrogels with varying proportions of AMPS—H
and MAPTA—CI were fabricated. To estimate the charged
monomer balance point and remove impurities from the pregel
solution, a counterion precipitation technique using the silver
salt of AMPS—H was used. The AMPS-MAPTA polyam-
pholyte pregel solution was prepared by initially making a 1.0
M aqueous solution of AMPS—H at approximately 4 °C. While
stirring the AMPS—H solution, Ag.CO3; was slowly added to
produce an equivalent concentration of 1.0 M AMPS—Ag. The
solution was then centrifuged at 3000 rpm and filtered with a
0.2 um filter. After MAPTA—CI was added, the resulting AgCI
precipitate was filtered out using a 0.2 um filter. Small
aliquots of the AMPS—MAPTA solution were tested with
MAPTA—CI and AMPS—Ag to ensure the solution had an
approximately equal concentration of AMPS and MAPTA
monomers.

The hydrogels were cross-linked using 8.6 mM N,N'-meth-
ylene-bis-acrylamide (BIS). Polymerization was initiated us-
ing 1.76 mM ammonium persulfate (APS), and the gelation
temperature was 60 °C. Hydrogel samples with a net charge
offset were made by adding AMPS—Na, while the total
monomer concentration was kept at 1.4 M. The AMPS—Na
solution used to offset the balanced pregel solution was
produced by neutralizing AMPS—H with an equal molar
concentration of NaOH. The hydrogels were cast in 200 um
inner diameter micropipets. After the hydrogels were continu-
ously washed for several days, diameter measurements were
made using a microscope equipped with a video camera.

Theoretical Background

System Free Energy. The system free energy can
be considered a sum of elastic, solvent, and ionic
components. The ionic contribution to the hydrogel
swelling equilibrium can be represented as a series of
approximations that include more terms of a Mayer
ionic solution virial expansion. The zero order contribu-
tion from the Mayer expansion is equivalent to the
Donnan approximation and includes only the mobile ion
translational entropy. Adding first order corrections
gives rise to the DHLL, while including terms up to
second order is equivalent to the Debye—Huickel limiting
law + second virial coefficient (DHLL + B;). Other
methods that include specific types of terms in the
Mayer expansion, such as the Percus—Yevick (PY) and
hypernetted chain (HNC) approximations, can also be
considered.

The total system free energy, AFT, can be decomposed
into a sum of hydrogel and bath components such that

AFT = AF™ + AF® 1)

where AFM and AFB represent the hydrogel and bath
contributions, respectively. The hydrogel free energy
can be written as

AF" = AF,, + AF, + AF, + AF,, (2)

where AFy and AF¢ represent the solvent and elastic
contributions. The term AFq represents the zero order
translational component of the mobile ions and AF the
excess free energy correction.
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As described in previous studies,*>19 the solvent and
elastic contributions to the free energy are given by the
relations

AFy = kT, (L= N~ ) +76] (3
_ 3kgT V¢ (450)2/3 1 (%)]
AFeI B 2 Nxvsite E -1 § In E (4)

where kg is the Boltzmann constant, T the absolute
temperature, V the hydrogel volume, v the lattice site
volume, ¢ the polymer volume fraction, and ¢o the
polymer volume fraction in the reference or initial state.
The polymer and solvent interaction parameter is
represented by y and Ny is the number of monomers
between cross-links.

The translational freedom of the ions within the
hydrogel make a zero order contribution of the form

- 1} + 2zieNi¢> (5)

where z; is the ith ion valance, N; is the number of ith
particles in the hydrogel phase, e is the unit electrostatic
charge, and ¢ is the number of ion species. The term ¢
represents the uniform contribution to the internal
potential energy arising from the electrostatic double
layer at the hydrogel boundary.t®

The first order correction to the excess free energy is
given by the DHLL,2021

N;

AF, = kgT Ni{ln

3
K

(AF)puL = kg TV (6)
127

where the inverse Debye length, «, is defined as

o 1/2

Zcizize2
£

K=|—" (7)
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for a medium having a dielectric constant € and where
€o is the permittivity of free space. In the extended
Debye—Huckel limiting law?! the free energy is defined
as

3
K
(AF oLl = _kBTVET(KOL) (8)
where
2.2
T(ka) = %{ In(1 + ka) — xa + ﬂ} ©)
ca 2

is an excluded volume correction for ions with a hard
core radius of a.

Including second order virial expansion corrections in
the Mayer ionic solution theory for AFe gives us the
DHLL + B; approximation,?2

KS o o
Ton + .Z,ZCiCjBij(K)) (10)

where ¢; is the concentration of the ith ion and Bj is

(AFex)DHLLJrBZ = —kgTV
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the second virial coefficient given by

569 = 20 foa,[ expl_ uy(r)

exp(q;(r)) —1 -

a;(n) — qiz,-(r)/Z] r’dr (11)

The short-range potential, u™j(r), is typically modeled
as a hard sphere interaction, and

exp(—«r) (12)

B z;2€°
ai(r) = e

is the screened Coulomb interaction potential for a pair
of ions i and j separated by a distance r.
Equation 10 is equivalent to the simpler expression

—+ IZZC,, ,J(K)) (13)

(AFe)oniLie, = —KsTV

where

r) exp(q;(r)) — 1} redr
(14)

Sijk) = 2nf0°°{ exp|—

Higher order corrections to the free energy beyond the
DHLL + B, approximation can be found by first
evaluating the radial distribution functions, g;j(r), for
each particle species pair using integral equation meth-
ods. Much interest has been given to calculating the
radial distribution functions from the hypernetted chain
(HNC) and Percus—Yevick (PY) equations.’6-18 The
contribution to the excess osmotic pressure from the
radial distribution functions is

e
YN Jé

where uijj(r) is the radially dependent potential energy
between particles i and j. The corresponding contribu-
tion to the free energy is

ij

AFy = [(mydinc (16)

where

g

c=Yg

(17)

and c¢' is an integration variable also representing the
total concentration of particles.

Similar corrections to the free energy of the surround-
ing bath can be made by modeling the total bath free
energy as a sum of zero order and excess free energy
contributions such that

AF® = AF§ + AFS, (18)
where

AFS =Kk TS N In|—

(o2
-1} + ZzieN?(pB (19)
i= VB i=
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and AFeBX is the excess free energy of the bath phase. In
eq 19 N? is the number of ith particles in the bath
phase, VB is the volume of the bath phase, and ¢B is
the uniform potential component in the bath phase.

Thermodynamic Equilibrium. Inequilibrium the
chemical potentials of both the solvent and mobile ion
species in the hydrogel and bath phase balance. Bal-
ancing the solvent chemical potentials, for example, is
equivalent to balancing the osmotic pressures according
to the relation

1 ) o |1f ¢
——ln@ = ¢) + ¢+ 21+ ||| -
i Nx site 2 ¢0
1/3 H B
o T o JT,
¢ +ZP Z1 -5 +—=| =0 (20)
o6 £ keT| \£ kT

where 77\ and x5 are the excess osmotic pressure
corrections for the hydrogel and bath phases, respec-
tively. The excess osmotic pressure based on the
extended Debye—Huckel limiting law is given by

Tlex _ K3 3
(kB_T)DHLL,_ 2471+ «a 27("&)} (21)

where the inverse Debye length, «, and the excluded
volume correction, 7, are as previously defined. In the
DHLL + B, approximation the excess osmotic pressure
is

Tlex 5i® ” S ()
=— - €ic;S;i(k) —
KeT/pHLL+B, 1927 IZ'JZ o

K g o
S cic;:S'i:(k) (22
8neeokBT.ZJZ 634 (22)

where S;; is as defined earlier, and

.,( )

exp(q;(r)) - 1]
exp(—«r)r’ dr (23)

S'jk) = ZnL/; {exp

As previously discussed, the excess osmotic pressure can
also be calculated from integral equation methods and
the pressure equation modified to include more than one
component: that is,

100’

)55

The chemical potential of the ith ionic species in the
hydrogel phase is given by the relation

——g;(N@ar’)dr  (24)

N;
T kgT In|—

+Ze§0+kT|ny|

B
+ z; e§0 + kgT In y, (25)
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where u° and vy; are the standard state chemical
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potential and activity coefficient of the ith ion, respec-
tively. This leads to relations between ions i and j of

the form
1/z; CV 1/ZJ'
-( 29
Civj

Civi
Covp

where capital letters are used to represent molar
guantities. In the limit of small ion concentrations the
activity coefficients approach unity and the familiar
Donnan relations,

(C/CB)Y" = (C/CcP) (27)

are recovered.
Equality of chemical potentials between unbound and
bound hydrogen ion states can be expressed as

N,
1oa + kgT |n(7A) +2zpe0+kgTINy, + o +

N+
kgT In ~ +zep+KkgTIny, =uay +
Nan
kgT In N + kgT Iny,y (28)

where the subscripts A=, AH, and H* refer to the
dissociated acidic monomer, the undissociated acidic
monomer, and the hydrogen ion, respectively. A similar
relation can be written for base dissociation, so the acid
and base dissociation constants become

Ka = 7a-Ca7u:Cris/¥ anCan (29)
Kb = ¥8oHCronYH+Ch+/vp:+Ca+ (30)

where the subscripts BT and BOH refer to the dissoci-
ated and undissociated basic monomeric states. At low
ion strengths the activity coefficients approach unity
and the relations

Ka = Ca Cri/Capy (31)
Ky = CoonCri/Cas (32)

are recovered.

The internal ion concentrations and swelling equilib-
ria were determined iteratively using a combination of
Newton’s method and bisection. The activity coefficients
of the ions in the bath phase were determined from the
bath ion concentrations, while the ion activity coef-
ficients in the hydrogel phase were initially set to unity.
For a given internal hydrogen ion concentration the acid
and base dissociation equations and the modified Don-
nan relations determined all other ion concentrations
and hence the total internal net charge. The hydrogen
ion concentration that satisfied charge electroneutrality
was then determined. From the calculated internal ion
concentrations, the internal activity coefficients were
recalculated and the process iterated to determine a new
set of ion concentrations. Once the ion concentrations
had converged, they were used to calculate the osmotic
pressure difference between the hydrogel and bath
phase. The hydrogel densities that gave rise to zero
osmotic pressure differences were then determined. The

Macromolecules, Vol. 31, No. 6, 1998

20 LELARLELL RN AL INNLELELLL INUNLALL BN RULLAG I L
[@]
()]
S~
(]
foy
@
-—
Q
£
)
() Initial Excess ——18 —%— 6
_ 05+ Acidic Monomer —%—14 —O0— 4 -
[0} F Concentration —e—10 —— 2
(O] (mM) —&— 8 —0— 0

ul vl ol 0 erend sl ainl

0.0 L s
107 10°6 10°5 104 10-3 10-2 101 100

Bath NaCl Concentration, Cs (M)

Figure 1. Polyampholyte hydrogel equilibrium swelling rela-
tive to the casting diameter (Do) versus bath salt concentration
and initial excess acidic monomer concentration. Polyam-
pholyte swelling increases monotonically with increasing
initial excess acidic monomer concentration. The solid lines
join the experimental measurements of a given hydrogel, and
error estimates are smaller than the data symbols.

choice of parameters based on our experimental system
is described in a previous paper.*

Results and Discussion

Figure 1 shows the observed swelling equilibria of
polyampholyte hydrogels initially prepared with a total
monomer concentration of 1.4 M. The lowest curve in
Figure 1 represents the equilibrium swelling of a
polyampholyte hydrogel prepared with a balanced con-
centration of acidic and basic monomers. The progres-
sively higher swelling equilibrium curves were obtained
from polyampholytes with an increasing relative con-
centration of acidic monomers. At low ionic strengths
a collapse transition was observed for both balanced and
unbalanced polyampholytes. Unbalanced polyampholytes
underwent a swelling transition when the bath salt
concentration increased from 1 to 100 uM. Between 0.1
and 10 mM unbalanced polyampholytes collapsed. Fur-
ther increases in the bath salt concentration produced
swelling transitions in all hydrogels. The observed
swelling pattern as a function of bath salt concentration
and excess acidic monomer concentration can be under-
stood by considering physical models with increasing
degrees of complexity.

The lowest, or zero, order approximation for the ion
osmotic pressure in a Mayer ionic solution theory is
equivalent to the Donnan approximation. In the Don-
nan model a uniform potential background is assumed
to exist in both the hydrogel and bath phases. Figure
2 shows the effect of varying the hydrogel charge offset
in such a model where the solvent quality and elastic
parameters remain constant. As the charge offset
increases, the swelling equilibrium at low ionic strengths
increases and reaches a maximum value determined by
the solvent and elastic forces. The collapse transition
of charged hydrogels at intermediate bath salt concen-
trations is the result of a decreasing osmotic pressure
difference between the hydrogel and bath phases. This
model is, therefore, only capable of predicting the
collapse transition of unbalanced polyampholytes at
intermediate bath salt concentrations.

Figure 3 shows the effect of including acid dissociation
in the two phase Donnan model where the pK, of the
acidic monomers is 1.5 and the reference state or initial
monomer concentration is 1.4 M. The collapse transi-
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Figure 2. Polyampholyte hydrogel swelling equilibria with
varying initial charged monomer concentration predicted by
the Donnan approximation. At very low bath ionic strengths
the swelling reaches a maximum value determined by the
charge, solvent, and elastic forces of the hydrogel. A collapse
transition occurs at intermediate bath salt concentrations as
a result of a decreasing ion osmotic pressure difference
between the hydrogel interior and the surrounding bath.
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Figure 3. Polyampholyte hydrogel swelling equilibria with
varying initial acidic monomer concentration predicted by the
Donnan approximation. Including the ion dissociation equi-
librium of pKs = 1.5 acidic monomers leads to a collapse
transition at low bath ionic strengths in agreement with the
data shown in Figure 1. A polyelectrolyte collapse transition
occurs at intermediate bath salt concentrations, but polyam-
pholyte swelling at high ionic strengths is not predicted.

tion at low ionic strengths is the result of hydrogen ion
association and is in agreement with the observed
swelling transitions shown in Figure 1. The collapse
transition of unbalanced polyampholytes with an excess
concentration of AMPS—Na at low bath ionic strengths
also explains the “aging” effect reported in previous
studies.2 The viscosity of AMPS—Na homopolymer
solutions have been observed to decrease over time,
particularly when the aqueous solutions are at low ionic
strengths. This phenomenon is consistent with the slow
exhange of sodium ions for hydrogen ions that occurs
at low ionic strengths. This effect is generally over-
looked because of the very low pK, of AMPS—H. Dis-
solved carbon dioxide and the consequent formation of
carbonic acid can make these collapse transitions even
more pronounced.*

Although Figures 2 and 3 qualitatively explain the
effect of ion dissociation and hydrogel charge offset, it
is clear that a simple Donnan or uniform potential
model does not capture the swelling transitions that
occur at higher bath ionic strengths. In Figures 2 and
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Figure 5. lon osmotic pressure contributions predicted by the
DHLL + B, approximation for fixed concentrations of balanced
polymer charges versus bath salt concentration. The DHLL
+ B, approximation predicts ion osmotic pressures that are
in much better agreement with the observed polyampholyte
swelling, particularly at high ion concentrations.

3 the effect of charge fluctuations that occur on a Debye
length scale are completely ignored. It is at this point
we must appeal to higher order terms of the Mayer
theory to improve our model. As an initial attempt to
capture the observed polyampholyte swelling transitions
at high bath salt concentrations, one could consider first
order correction terms in the Mayer expansion or the
equivalent DHLL. Figure 4, however, shows the net ion
osmotic pressure predicted by the DHLL for balanced
polyampholytes with different fixed concentrations of
polyions. At both high polymer and bath salt concen-
trations the osmotic pressure becomes unphysically high
and negative. Considering the range of polymer and
bath ion concentrations in this study, the DHLL ap-
proximation is unsuitable. The extended DHLL with
the excluded volume correction, given by egs 8 and 9,
provides some improvement but still very poor agree-
ment with our experimental results.

Figure 5 shows the ion osmotic pressures predicted
by the DHLL + B, approximation arising from different
fixed concentrations of balanced positive and negative
polyions as a function of bath salt concentration. Com-
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Figure 6. Excess internal ion concentrations in balanced
polyampholytes with varying polyion charge densities pre-
dicted by the DHLL and the DHLL + B, approximations. In
both the DHLL and DHLL + B, approximations, the internal
ion concentration of a balanced polyampholyte is higher inside
the hydrogel than in the bath at low ionic strengths. At higher
polyion and bath ion concentrations, however, the DHLL +
B, approximation predicts an exclusion of ions from the
hydrogel relative to the bath.

pared to Figure 4, the ion osmotic pressures shown in
Figure 5 do not diverge to unphysically large negative
values at high ion concentrations but instead give rise
to swelling pressures in qualitative agreement with our
experimental results. At low bath ion concentrations
increasing the polyion charge density results in an
increasing polyampholyte attraction until excluded
volume effects counteract this with increasing pressures.
Polyampholyte swelling transitions at high bath salt
concentrations, therefore, include not only electrostatic
shielding but hard core excluded volume effects.

Figure 6 shows the difference between the internal
and bath salt concentrations in balanced hydrogels with
varying fixed total charge concentrations. Like the
DHLL approximation, the DHLL + B, approximation
also predicts a higher internal mobile ion concentration
at low bath salt concentrations.? At higher bath salt
concentrations, however, the internal ion concentration
can actually become smaller than the bath concentra-
tion. This effect, which is not predicted by the DHLL,
is another manifestation of the hard core contribution
to the osmotic pressure by both the polyions and mobile
ions.

Other approximations that include more terms of the
Mayer expansion, such as the PY and HNC approxima-
tions, can also be similarly applied. Like the DHLL +
B2 approximation, unphysically large osmotic pressures
associated with ignoring the hard core repulsive inter-
actions are overcome. The shortcoming of these meth-
ods is their numerical intensity. The g(A) is particular
attractive in this regard since it yields solutions close
to the PY and HNC approximations without requiring
complicated iterative methods.1”

Figure 7 shows the effect of simultaneously balancing
both the solvent and ion chemical potentials in the
DHLL + B, approximation with the inclusion of ion
dissociation. At very low ion strengths ion dissociation
equilibrium dominates the swelling response and gives
rise to the swelling transition between 10 and 100 uM
bath salt concentrations. Increasing the bath salt
concentration causes a shielding of the polyelectrolyte
and then polyampholyte swelling forces. Using the
DHLL + B, approximation gives us a good qualitative
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Figure 7. Swelling equilibria predicted by the DHLL + B;
approximation are in qualitative agreement with the experi-
mental results shown in Figure 1. At low ionic strengths ion
dissociation dominates the swelling response of unbalanced
polyampholytes. Polyelectrolyte screening occurs at intermedi-
ate ionic strengths, and polyampholyte screening occurs at
high ionic strengths. At very high ionic strengths repulsive
hard core interactions contribute to the swelling forces.

agreement with the data shown in Figure 1. Compared
to Figure 1, however, the charge offsets required to give
the corresponding swelling ratios are higher. Improve-
ments can be made by using a PY or HNC at the
expense of greater numerical complexity.

From both the experimental data presented in Figure
1 and the theoretical predictions shown in Figure 7 one
notices that polyelectrolyte screening occurs when the
bath salt concentration becomes comparable to the
excess charge concentration. Notice also that polyam-
pholyte shielding occurs when the bath salt concentra-
tion becomes comparable to the polymer ion concentra-
tion. An additional effect related to the hard core
repulsion of the individual ions becomes important when
the Debye length is comparable to the hard core ionic
radius. If much greater charge offsets had been chosen
relative to the background of balanced polymer charges,
the separation of polyelectrolyte and polyampholyte
screening effects would not be so clear. In addition, the
rodlike configuration that develops when a large linear
charge density is present would make the assumption
of a polymer ion plasma completely invalid.

A number of future extensions can be made to our
model. Similar to the model of Higgs and Joanny,2 our
work treats the electrostatic contributions from polyions
as free ions in solution. A more advanced treatment
would include the elastic correlation between monomers
simultaneously with the ion screening.?> We have also
overlooked contributions from condensation and have
assumed the acid and base dissociation constants are
similar to those of the monomers in dilute solutions.
Despite these limitations, however, our model captures
the overall swelling behavior without the unphysical
osmotic pressure contributions associated with the
DHLL at high ionic strengths.

Conclusions

A sequence of theoretical approximations based on the
Mayer ionic solution theory has been used to understand
polyampholytic hydrogel swelling transitions over a
wide range of bath salt concentrations. The Donnan,
or zero order, approximation was successfully applied
to interpreting the effects of ion dissociation and poly-
electrolyte collapse transitions. An attempt to capture
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polyampholyte swelling transitions by applying a first
order correction in the form of the DHLL was unsuc-
cessful because of unphysically large osmotic pressures
that occur at high ion concentrations in this model. The
extended Debye—Huckel model also gave very poor
agreement with our data. Much better qualitative
agreement was obtained when second order Mayer
corrections were included using the DHLL + B, ap-
proximation. At high bath salt concentrations electro-
static screening and excluded volume effects contributed
to the swelling of polyampholytic hydrogels. Further
improvements can be made at the expense of greater
numerical complexity by implementing the PY and HNC
approximations which include more terms in the Mayer
expansion.
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